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ABSTRACT 

Let (if, 71) be a quasitriangular weak Hopf algebra, A a weak Hopf algebra, 
and / a weak Hopf algebra map between H and A. Then we show that A 
induce a Hopf algebra C^(As) in the category h-M, which generalizes the 
transmutation theory introduced by Majid. Furthermore, we construct a Hopf 
algebra Ch{Hs)f in the category hM.f for any cocommutative weak Hopf 
algebra H and a weak invertible unit 2-cocycle F, which generalizes the result 
in [5]. Finally, we consider the relation between Ch{Hs)f and Cjj{Hs), and 
obtain that they are isomorphic as objects in the category gA4, where {H,7l) 
is a new quasitriangular weak Hopf algebra induced by {H,7l). 
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0. Introduction 



Hopf algebras in braided categories, introduced by S. Majid [10, 11], have been 
extensively studied in the past few years, and have played a very important role in 
physics and mathematics. S. Majid introduced a method so-called transmutation to 
construct Hopf algebras in categories. We want to do the similar work in the weak 
Hopf algebras case. Let {H, TV) be a quasitriangular weak Hopf algebra, and A a 
weak Hopf algebra, and there is a weak Hopf algebra map between them. Although 
we could not obtain A is a Hopf algebra in the category hM. of left if-modules, we 
prove that the centralizer algebra C^(As) is a Hopf algebra in hM.- 

On the other hand, Hopf algebras in symmetric monoidal categories came from 
the deformation-quantization of triangular solutions of the classical Yang-Baxter 
equations [8]. They called them S'-Hopf algebras, which is obtained by means of an 
element F constructed by Drinfel'd in [5]. D. Gurcvich and S. Majid [7] pointed out 
that the method can be used quite generally and define an S'-Hopf algebra Hp for 
any pair (if, F), where if is a cocommutative Hopf algebra and F satisfies a cocycle 
condition. So, there is a natural question whether this method can be generalized to 
the weak Hopf algebras setting. In this paper, we obtained a Hopf algebra Ch{Hs)f 
in the category h-M-Fi where if is a weak Hopf algebra and i^ is a weak invertible 
unit 2-cocycle. 

The twisting construction, introduced by Drinfel'd [6], provides a way of obtain- 
ing new quasitriangular Hopf algebras from the given ones and the special elements. 
In 2008, Chen [3] generalized the twisting theory to the weak setting. Applying our 
theory to the new quasitriangular weak Hopf algebras (if, 7^), we get a Hopf alge- 
bra C^{Hs) in the category ^M. of the left if- modules. The aim and motivation of 
this paper is to study the relationship between the two Hopf algebras Cg{Hs) and 
Ch{Hs)f) and the categories they contained. 

The paper is organized as follows. 

In Section 1, we recall some basic notions and results for weak Hopf algebras and 
braided monoidal categories. In Section 2, we construct a Hopf algebra Ca{A.s) in 
the category hM. of left weak if -modules, for a quasitriangular weak Hopf algebra 
if and a weak Hopf algebra A. In Section 3, we construct a Hopf algebra Ch{Hs)f 
in the category h-M.f, for any cocommutative weak Hopf algebra if and a weak 
invertible unit 2-cocycle F. In Section 4, we discuss the relation between Ch{Hs)f 
and Cg{Hs), where {H,TZ) is a new quasitriangular weak Hopf algebra obtained 
from (if, TZ) by the weak twisting theory. 
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1. Preliminaries 



Throughout the paper, we let A; be a fixed field, and use the Sweedler formal sum 
notation for the comultiplication A over a coalgebra C with a counit Sc [14] , that 
is, 

A(c) = ci (8) C2, 

for any c e C. 

1.1 Basic definitions and properties about weak Hopf algebras 

Recall from Bohm et al. [2] that a weak bialgebra H is an algebra {H,fx,r]) and 
a coalgebra {H, A, e) such that A{hl) — A(/i)A(/) and 

A2(1) = li ® Isl'i ® I2 = li l[l2 I2 = li ® I2 ® I3, 
e{hgl) = e{hgi)e{g2l) = e{hg2)e{gil), 

for all h,g,le H. 

Moreover, a weak bialgebra H is called a weak Hopf algebra if there exists a 
A;-linear map 5* : H — > H, satisfying the following conditions: 

S * id — Ss, id * S = St, S * id * S — S, 

where * is the usual convolution product, and the idempotent maps St, Ss are defined 

by 

et{h) = e{lih)l2, es{h) = li£(/il2), for all he H. 

In this case, S is called the antipode, St is called the target map, and Eg is called 
the source map, respectively. If antipode S exists, then it is unique and S is an 
anti-algebra and anti-coalgebra morphism. We will always assume that S is bijec- 
tive. If is a finite dimensional weak Hopf algebra, then S is automatically bijective. 

The target space Ht and source space Hg are the images of and £5, respectively, 
which can be described as follows: 

Ht^{heH\ Etih) ^h}^{heH\ A{h) = hh I2 = hh I2}, 
Hs^{heH\ es{h) ^ h} ^ {h e H \ A{h) = li hh = li O hh}. 

It is easy to see that Ht and Hs are subalgebras of H. 
Similarly, we have 

es{h) = e{hli)l2; £t{h) = lieihh). 
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Let H be a weak Hopf algebra. Recall from Chen [3], we say an element 
F e A{1){H ^ H)A'^P{1) is a weak invertible unit 2-cocycle if it has the follow- 
ing properties: 

(1) There exists an element F'^ e A''"p{1){H (g) H)A{1), such that 



FF-^ = A(l), F-^F 



.cop( 



(2) ((A (8) id)F)Fi2 = {{id ® A)F)F23, where F23 = 1 ® F, F^^^F® 1. 

(3) For all y e Hg, and z E Ht, the following equations hold: 

(1 ® - F(?/ (8) 1) , (z® l)F = F(l®z) ; 

F-\l ®y) = {y® , F-\z g) 1) = (1 ® z)F-^ ; 

(1 y)F-^ - {S-\y) , F(2 1) - F{1 . 

We list some equivalent forms of {{A<Siid)F)Fi2 — {{id<SiA)F)F23 for convenience 
as follows: 

/-(I) ® /(I) /-(2) ^ /(2) = ^ F^^'^Fi^) F2-(')F(2), 

f-^^^F-^'^ = /-(DFr^') /-(2)F2-(') F-(2), 

where f — F and = F~^. 

We recall from Nikshych et al. [13] that a quasitriangular weak Hopf algebra is a 
pair {H, 7^), where is a weak Hopf algebra, and 7^ = R^^'^ i?^^) ^ A'=°P(l)(if 0^ 
i7)A(l), satisfying the following conditions: 

{id A)n = ni3ni2, (A id)n = 11131123, 

A'^{h)n^nA{h), for all heH, 

where TZi2 = 7^ 1, 7^-23 = 1 7?. etc., as usual, and such that there exists TZ"^ — 
G A{l){H 0fe iy)A^''P(l) with 

nn-^ = A^''p{i), n-^n = A{i). 

Next, we summarize some important properties of quasitriangular weak Hopf 
algebras from [13] as follows, which is needed for our calculation through the paper. 

Let {H, TZ) be a quasitriangular weak Hopf algebra. Then we have the following 
equations: 

(1 z)n = n{z 1), (2/0 1)7? = 7?(1 y) , 

{z l)7^ =(10 s{z))n , (1 y)n = {s{y) 1)7? , 

7?(1 2)= n{S-\z) 1) , n{y 1)= 7?(1 S-\y)) , 

{Es id){n) = A(l) , {id £,)(7?) = (5 id)A''°P{l) , 

{et®id){n) = A^°f(l) , {id®et){n) = {S® id) A{1) , 

{s®id) {TZ) = (id 5-1) (7^) = 7^-^ (5 5) (7^) = 7^ , 
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for all y e Hg, z e Hf. 

For all h E H, we have S'^{h) = uhu~^, where u = S{R^'^^)R^^^ is an invertible 
element of H such that 

1.2 Some definitions in braided monoidal categories 

Let (C, ®, /, a, I, r, C) denote a braided monoidal category with tensor product 
(8), base object / and a braiding C. Recall that algebras, coalgebras and Hopf alge- 
bras in braided monoidal category {C,®,I,C), see [9]. 

An algebra in C is a triple A = {A, rj, fi) where A is an object in C and t] : I — > A 
and 11 : A® A — > A arc morphisms in C such that o (A ry) = idA = i^o (^rj® A), 
and jio [A® ^) = iio [ix® A). 

A coalgebra in C is a triple C = {C, e, A) where C is an object in C and e : C — > 
I and A : C — > C®C are morphisms in C such that (C(8)£)o A = idc — (£0C)oA, 
and (C (g) A) o A = (A O C) o A. 

We call {H, n, rj, A, e, S) is a bialgebra in a braided monoidal category (C, (g), I, C) 
if {H^ji^rj) is an algebra in C, (i/, A, e) is a coalgebra in C and also satisfies 

A O = (yU (8) yu) O (i? (g) C (g) ff) O ( A (g) A) , 

£o ix^e^e, A(l) = l(gl. 

A bialgebra {H, /j,, r], A, e) in C is called a Hopf algebra in C if there exists a morphism 
S : H — > H inC satisfying 

lio{S®H)oA = eor] = ixo{H®S)oA. 

This definition is due to Majid [12]. 

2. Constructing Hopf algebras in braided monoidal 
category by quasitriangular structures 

Let {H, n, 7], A, £, S, TZ) be a quasitriangular weak Hopf algebra and hM. denote 

the category of left if -modules. Then we have a monoidal category {h-M, Ht, a, I, r) 
[13], where / and r are defined as follows, for any V Eh M., v eV, z E Hf, 

lv{z <Sitv) — z -v, ry{v (gj z) — S''^{z) ■ v. 
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Furthermore, the category {H-M.,<S>t, Ht,a,l,r) is braided, the braiding is defined as 
follows: 

"^vw -.V^tW — yW^tV, v^tWf — > R^^^ ■ w (8) R^^^ ■ v. 

Let {A, fi,!], A, e, S_) be a weak Hopf algebra and / a weak Hopf algebra map 
between H and A. Then we consider the centralizer of As in A, denoted by 

B = Ca(As) ^ {b e a \ bx ^ xb, for all x e Ag}, 

Then we have the following proposition. 

Proposition 2.1. B is an object in h-M, where the left if-module structure on 
B is defined hy h ■ b = f(hi)bf{S{h2)), for all G if, 6 G B. Moreover, B also is a 
left weak if-module algebra. 

Proof. We check first that B satisfies the module conditions. For all h,gEH, 
and b & B, we have 

{gh)-b = f{9i)f{h)bf{S{h))f{S{g,)) 

= f{9i){h-b)f{S{g,)) = g-{h-b), 

and 1 ■ 6 = fih)bfiSih)) = 6/(l)i^(/(l)2) = b. 

Next we prove that 5 is a left weak if-module algebra. In fact, for all h & H, 
a,b e B, 

{h ■ a)ih ■ b) = fih)af{S{h))f{h)bfiSih,)) 
= fih)afies{h2))bf{S{hs)) = f{h,)af{h)bf{S{h2l2)) 
= f{h,)abf{S{h2)) = h ■ (ab) 

and 

et{h) ■ Ia = fihSih))fiSietih))) = fihS{l2h))f{S{S{h))) 
= fih^)fiSih))fihSih)) = h-lA 

This finishes the proof of the proposition. 

Proposition 2.2. B is an algebra in h-M- The multiplication and unit are 
given by: 

jiB '■ B ®t B — )■ B, a®tb I — > ab, for all a,b e B, 

and 

rjB : Ht — > B, x i — > f{x), for all x e Ht, 

respectively. 
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Proof. We first prove that the definition is well-defined. Obviously, ab E B, 
/J'siO' 'S>t b) — (li ■ b){l2 • b) — 1 ■ {ab) — ab and 

fix) = fietix)) = f{h)sf{hx) = f{h)s{f{h)f{x)) = 

Thus we have f{x) E At G B. It is easy to see that the associativity are straight- 
forward and the multiplication and unit are morphisms in h-M.- So it remains to 
verify the unity. In fact, for a\\ z E Ht, a E B, we have 

Ats o {r)B <S) id){z 0t a) = f{z)a = /(Ii2;)a/(s(l2)) ^ z ■ a, 

and 

fj,B ° {id (8) 77b) (a z) — af{z) — a - z. 
This completes the proof. 

Proposition 2.3. B is a coalgbra in hM.- The comultiphcation and counit are 
given by 

As-.B^B^tB, b^ ® rW . 

and 

EB-.B^Ht, 6^£(/(li)6)l2, foraU 6e5, 

respectively. 

Proof: Firstly, we verify that As and Sb are well-defined. Obviously, £b(6) G 
Ht- For all 6 e S, we have 

Ab(6) = 6i/(5(i?(^)))®i?«-62 

= 6i/(5(r(2)))/(5(i?(2))) ® /(i?(^))62/(5(r«)) 

= /(li)6i/(5(r(2)))/(S(i?(2))) ® /(i?«)/(l2)62/(5(r«)) 

= f{lM{S{r^^))f{S{R^^)) ® f{R^'h,)b,f{S{r^'y)) 

= /(li)6i/(^(r(2)))/(5(l2/2(^))) ® /(/2«)62/(^(r«)) 

= /(li)6i/(^(i?(2)))/(5(l2))®i?(i).62 

= f{l)ibJ{S{R^'^))S{f{l),) ® ■ 62)/(5(4)) 

and 

As(6) = b^f{S{R^'^))®f{R?)b,f{S{R^^)) 

= /(li)6i/(5(it:(^V(^))) ® /(i?«)/(l2)&2/(5(r«)) 
= /(li)6i/(5(it:(^V(^))) ® /(i?«)/(5-^£,(l2))&2/(5(r«)) 
= f{lM{S{R^'V'^)) /(i?«)/(5-^(l3)l2)62/(5(r«)) 
= /(li)6i/(5(i?(')l3r(^))) ® /(i?«)/(l2)62/(5(r«)) 
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= f(U)bJ{S{R^'h,S(Uy'^)) ® /(i?«l2)62/(5(r«)) 

= f{h)hf{S{hR^'^S{Uy'^)) ® /(l3i?«)62/(5(r(^))) 

= /(li)6i/(5(l2i?(^V(2))) ® /(l3)/(i?«)&2/(5(l4r(^))) 

= /(I06i/(5(it:(^^))/(5(l2)) ® f{h)m?)hf{S{R?))nS{U)) 

= li-(6i/(5(i?(2)))®l2-(it:«-62) 

= ®* • &2 

e B^tB 

Secondly, the coassociativity is same as the setting of Hopf algebras, then we 
check the counity as follows: 

{sb ® ids) o Ab(6) 
= £^(6i/(5(r(2)))/(5(/2(2)))) ®, /(i?«)b2/(5(r«)) 

= 6(/(li)6i/(5(r(2)))/(5(i?(2)))/(l2)/(i?«)62/(5(l3r«)) 

= £(/(li)6i/(^(r(2)))/(52(l3i?(2)))/(l2^(i?(^^))&2/(5(r(^))) 

= e(/(lObi/(5(r(^)))/(5^(i?(^)))/(l25(i?«l3))&2/(5(r«)) 

= £(/(li)6i/(^(r(2)))/(5(i?(2)))/(e,(l2))/(i?«)62/(5(r«)) 

= £(/(li)6i/(5(r(2)))/(5(i?(2)))/(l2)/(i?«)62/(^(r«)) 

= e,(6i/(5(r(^)))/(5(i?(2))))/(i?W)62/(5(rW)) 

= 6ie,(/(5(i?(^))))S:(62)/(/2S'^)63/(5(4'^)) 

= M/(li^(i?^'^)))/(l2)m)/(i?fV3/(5(4'^)) 

= 6i5(li5(i?(2)))/(l2)m)/(i?fV3/(5(^?^)) 

= 6ie^(i?(2)l2)/(5(li))m)/(i?S'^)63/(5(4'^)) 

= 6ie(i?(2))/(5(l^))5(6,)/([7?(i)5-i(l,)]^)63/(5([i?(i)5-i(l,)],)) 

= &l/(5'(l3))i5(62)/(ll)&3/(5(l2)) = fol^(U.k.(62k.(^(63))U 
= &2£.(?>3)£.(i5(64))5^'(£.(bl)) = 62£.(£i(63))5.(6i) 

= = lAM{^A,) = b. 

Likewise, on the other side we have 

{ids <S) Sb) o Ab(6) 
= bJ{S{A'^))mR^'^)) ®*6(/(li)/(i?«)&2/(-5(rW)))l2 
= ^>i/(5(r(^^))/('5(i?(^)))/(l2k(/(li)/(i?(^))&2/(5(rW))) 
= 6i/(5(r(^)))/(5(i?(^)))£,(/(i?«)62/(5(r(^)))) 
= 6i/(5(r(^)))/(5(i?(^)))/(i?«)62£,(/(5(r(^))))^(63)5(/(i?«)) 
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= &i/(5(r(^)))/(5(x(^)))/(5(i?(^)))/(i?«)62i,(/(5(r«)))^(63)5(/(a;«)) 

= 6i/(li)/(^(:r(^)))/(5(i?(^)))/(i?«)62/(l2)5:(63)^(/(x«)) 

= 6i/(5(r(2)))/(5(i?(2)))/(i?W£,(62)/(5(rW)) 

= /(li)fe/(r(2))/(5(i?(2)))/(/?«)/(l2r«) 

= /(li)6/(^(l2)r(2))/(5(i?(2)))/(i2W)/(rW) 

= bf{S{h))f{h)^b. 

Thus we obtain (ss (8) ic/s) o As = ids — {ids <S> Sb) ° ^b- 

Thirdly, we need to prove that and Sb are morphisms in C. For all 6 e B, 
we do the following calculation: 

eB{h-b) = e{f{l{)f{h{)bf{S{h2)))l2^df{^i)f{hi)bS{f{h2)))l2 
= £[/(li)/(/ii)6£,(/(/l2))]l2 =£[/(li)/(M£.(/(/i2))6]l2 
= £(/(ll/l)6)l2 = e{fih)b)etih2) = £(/(/lili))£(/(l2)6)£t(/l2) 

= eieMh)e{f{h)b)et{h2) = £/(£,(/ii)li)£(/(l2)6)£t(/i2) 
= £(/(e.(/ii))6)ei(/i2) =e(/(li)6)e,(/il2) 
= e{fiU)b)hiet{h)S{h2) = • I2) 

= h-SB{b), 

and Ab(/i • 6) = /i • Ab(6) is clear. This completes the verification of the coalgebra 
structure on B. 

Theorem 2.4. 5 is a bialgebra in hM. with structures defined in Proposition 
2.2 and Proposition 2.3, and we denote ^sib) = 61 ®t 62.. 

Proof. We now to check that these structure maps obey the axioms of a bialge- 
bra in j^A^. First, wc claim that {^B®^J'B)°{idB®'^ B,B®idB)o[^B®^B) = ^B^fJ-B, 
in fact, for all a,b E B, 

(a*b <S> He) o {ids ® ® irf^) o (Ab (g) AB)(a (8)* b) 

= ai/(5(r(2)x(2)))6i/(5(i?(2))) 0, . (5(r(^))x(^) • ai))b2 

= ai/(5(l2))6i/(-S(i2(2))) 0, . ai)62 

= ai/(>5(l2))6i/(5(i?(2)5(li))) ®t {R^'^ ■ a,)b2 

= a^f{h)bJ{S{l2))f{S{R^'^)) {R^'^ ■ a,)b2 

= ai6i/(5(i?(2)))0,(i?a).ai)&2 

= ai6i/(5(r(^)))/(^(i?(2))) ®^ . ai)(r(^) • 62) 



9 



= Ab o//s(a®t 6). 

Then we prove Sb ° I^b = ^b® as follows: 

tiBisBia) ®t SBib)) = eB{a)eB{b) = £(/(li)a)l2£(/(l'i)6)l^ 
= e(/(li)ak(/(£,(l2)6)l3 = e(/(li)ak(/(£.(l2)/(l^)k(/(i;)6)l3 
= e(/(li)a)£(l2l'2k(/(i;)6)l3 = £(/(li)ak(/(l2)/(l'2)k(/(i;)fe)l3 
= £(a/(li))£(/(l2)6)l3 = £(a/(li)6)l2 = £(/(li)a6)l2 
= eB{ab) ^ Eb o fiBia^tb). 

Finally, for 1^ e B, we have 

Ab(1a) = UJ(^(r(^)))/(5(/2(^)))®,/(i?«)UJ(5(rW)) 

= /(li)/(r(2))/(^(i?(2))) 0, /(/2«)/(l2r«) 

= /(li)/(5(l2)r(2))/(5(7?(2))) 0, /(i?W)/(rW) 

= /(5(i?(2V(2)))®,/(i?«5(r«)) 

= f{S{U)) ®i /(I2) = /(5(li))(l2 • 1a) ®t 1a 

= /(5(lO)/(l2)/(5(l3))®tlA 

= 1a ®t 1a- 
This completes our proof. 

Theorem 2.5. In the situation of Theorem 2.4, i? is a Hopf algebra in h-M. 
with antipode Sb, which is given by 

Sb-.B^B, b^ fiR^^^)S{R^^^ ■ b), 

where the S_ is the antipode of A. 

Proof. For convenience we write Sb in the following equivalent form 

SB{b) = f{u-')f{S{R^'^))S{b)fiR^'^), 

where u"^ — TiP'^ S'^{TZ^^^) is the inverse of the element u = S{n^^^)n^^^ follows 
Proposition 1.1. First, we assert that Sb is well-defined. In fact, for all b e B, we 
have 

/(li)/(^^-')/('5(i?(^)))5(6)/(i?«)/(5(l2)) 

= /(«-^)/(5^(iO)/(5(i?(^)))5(6)/(it:«)/(5(i2)) 
= /(u-^)/(5(i?(^)i2))5(6)/(it:«)/(ii) 

= /(u-^)/(5(i?(^)))5(6)/(it:«5-^(l2))/(li) 
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Thus, i5'b(6) e B. It is easy to get Sb is a morphism in h-M.. Now we prove the 
properties of antipode. Then for all 6 e 

/xb o (^o^b ® 'S'b) o Ab(&) 
= 6i/(5(i?(2)))/(u-i)/(S(r(2)))5(i?W . 62)/(rW) 
= 6i/(5(i?(2)))/(«-i52(r(2)))^(i?« ■62)/(^(r(^))) 
= 6i/(5(it:(^)))/(r(^)^.-^)^(it:« . 62)/(5(rW)) 
= 6i/(5(r(2)i?(^)))/(u-^)^(i?« • 62)/(5^(r«)) 
= 6i/(5(i?(2)))/(«-i)S:(/(4^))62/(5(4'^)))/(^'(i?S'^)) 

= hf{R^'^)f{u~')f{S{R^'^))f{S\hmh)fiS{h)) 
= 6i/(i?(^V(«-')/(^(^^'^))i5(/(^(l2)))^(?>2)^(/(li)) 

= = £(/(li)6)/(l2) = sif{h)b)rjB{h) 

= VBOEBib), 

and 

//B o (5-5 «) o Ab(6) = fiu-')f{S{R^^^))S{bi)b2f{R^'^) 

= /(x.-^)/(5(it:(^)))£(&/(i2))/(ii)/(i?«) = (u-^)/(5(it:(^)ii))/(i?«)£(6/(i2)) 

= /(l2k(6^(/(ll))) = /(l2kfe O SMU))) = £(/(ll)6)/(l2) 

= riBO£B{b). 
This completes the proof of the theorem. 

Corollary 2.6. Let {H, TZ) be a quasitriangular weak Hopf algebra, then Ch{Hs) 
is a Hopf algebra in the category hM., where the left i7-module structure on Ch{Hs) 
is given by 

h ■ g = higS{h2), for all h E H, g E Ch{Hs), 

and we denote this action of H on Ch{Hs) by Ad, i.e., Adh{g) = higS{h2). The 
algebra structure is defined as follows: 

Kg ®t = gl, V{x) = for all ^z, l e Ch{Hs),x e Hf 
The comultiplication and counit are defined by 

K{g)^g^S{R^^^)®tAdRw{g2) and e{g)^et{g), 
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respectively. 

Corollary 2.7. Let {H,TZ) be a quasitriangular Hopf algebra, A a Hopf algebra 
and / a Hopf algebra map between them. Then Ca{As) = A and theorem 2.5 is the 
transmutation theorem in the sense of Majid [10]. 

3. Constructing Hopf algebras in braided monoidal 
category by weak invertible unit 2-cocycles 

In this section, we assume that if is a cocommutative weak Hopf algebra, F — 
® i?(2) g A{1){H ^ H)A'^P{1) is a weak invertible unit 2-cocycle, and let hMf 
denote the category of left if-modules, which module action is Ad, braiding and 
module structure on tensor product are given by 

$(m (8)* n) = Adp-w p(2) (n) ®t Adp-(2) (m) , 

and 

Adh{m n) = Adp-(i)f^^p(i) (m) Adp-(2)h^p(2) (n), 

respectively, for all m G M, n & N, M,N £ hM.f- Then we construct a Hopf 
algebra in the category h-Mf- 

Proposition 3.1. Let i7 be a cocommutative weak Hopf algebra, F a weak 
invertible unit 2-cocycle. Then Ch{Hs) is an algebra in hM.f, which multiplication 
and unit are defined by 

■p : Ch{Hs) ®t Ch{Hs) Ch{Hs), a-pb^ Adpw{a)Adpi2){b), 

and 

rjF : Ht — > Ch{Hs), r]p{x) = x, 
for all a, 6 e Ch{Hs), x e Hf. 

Proof. First, we show that the multiphcation is well-defined. For all a,b E 

Ch{Hs), X e Hs, we have 

•F(a®t b) = ■F{Adi,{a)<^Adi^{b)) ^ Adpm{Adi,{a))Adp(2){Adi^{b)) 
= Adp(i)i^{a)Adp(2)i^{b) = Adp(i)i^{a)Adp(2)i^{b) = Adp(i){a)Adp(2){b), 

and by 

xAdpm{a) = xF^^^aSiF^^^) = xhFi^^aS{F^^^)S{l2) 
= liliFi^^aS{F^^^)S{l2)x = Fi^^aS{Fi^^)x = Adpmia)x, 
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we have Adp(i){a) e Ch{Hs). Similarly, Adp(2){b) e Ch{Hs), so a-pb E Ch{Hs). 

Secondly, we check the associativity and unity. For all a,b,c e Ch{Hs), we do 
the following calculation. 

(a-pb) -F c — Adp(i) {a)Adp(2) (b) -p c — Adf(i) {Adp{i) {a)Adp(2) {b))Adf(2) (c) 

= fi'^Adpa){a)UFi'hSiFP)S{h)Sifi'^)Adf,2,ic) 

= f?^Adpa)ia)hAdp,2)ib)Sif^'h2)Adfi2,ic) 

= fi'^Adpw {a)es{f^'^)Adpi2, Arf^w (c) 

= fi'^Adp,r>ia)S(A'^)g^Adp,2,ib)S{fi'^)Adf,2,{c) 
= {a)Ad^Wp(2) {b)Adf(2) (c) 

= Arf^,i)(a)/f^Ad^(i)(6)5(/f )/f A(i^,.)(c)5(/f ) 

= Ad^(i) (a)/f ) Aci^d) {b)e,{f^'^)Adpm {c)S{fP) 

= ^c/^d) (a)/f ) Ao?F(i) {b)Adpi2, {c)S{fP) 

= (a)/pUd^(i) {b)Adp,2, (c)5(/f ) 

= a -F (Ad^(i)(6)v4(i^(2)(c)) ^ a-p {b -p c), 

and for all z & H^, we have 

•^(^t? ® i]f){o. ®t z) = a • p z = Adp(i) {a)Adp{2) {z) 
= Adpm {a)et{F^''h) = Ad.pw {a)et{F^^^) = Ad,i, (a)l2 

— Adz^{a)z2 = Ziaes{z2) = za = St{z)a = e{liz)l2a 

— s{l2z)ali = e{liz)al2 = az = a{Adz{l)), 



and 



■f{vf <Si id){z <^t — z -p a — Adp(i){z)Adp(2){a) 
= et{F^'^z)Adp^2){a) = £t(F«)Ad^(2)5-i(,)(a) = >5(li)M,5-i(.)(o) 
= S{h)l2l[aS{hS-\z)l'2) = Iil2l'ia5(l^)z5(l2) = = a£t(z) 
= ae{liz)l2 — liae{l2z) — l2ae{liz) — za — Adz{a). 

Finally, we prove that -p and rjp are morphisms in hM. f- In fact, we have 

■F{Adh{a b)) = ■F(^rfF-(i)/iiF(i)(«) AdF^(2)h^F(2){b)) 

— Adf(i)F-(i),^^F(i){a)Adj(2)F-(2),^2F(2){b) = Adi^^^p{i){a)Adi2,^2F(2){b) 
= Adh^F(^i){a)Adh2F{2)ib) = hiAdF{i){a)£s{h2)Adp{2){b)S{h^) 

= hies{h2)AdF(^i){a)AdF(2){b)S{hz) = Adh{Adp(i){a)AdF^2){b)) 

— Adh{a<^pb) 



and 



r]p{Adh{x)) = r]p{£t{hx)) = et{hx) = hi£t{x)S{h2) = Adh{x). 
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This completes the proof. 

Proposition 3.2. Let H he a cocommutative weak Hopf algebra, F a weak in- 
vertible unit 2-cocycle. Then Ch{Hs) is a coalgebra in hJ^f, which comultiplication 
and counit are given by 

Af : Ch{Hs) Ch{Hs) ®t Ch{Hs), Apia) = Adp-wiai) Ac^F-(2)(a2), 

and 

Ef ■■ Ch{Hs) — y Ht, = £t{a), 

for all a e Ch{Hs). 

Proof. First, we prove that Ap and ep are well-defined. Obviously, £f is 
well-defined. Now we check as follows, for all a e Ch{Hs), we have 

Adp-miai) (g)t Adp-(2)(a2) = Adi^p-(i)(ai) (g) Adi^p-ca) (02) = Adp-(i)(ai) (g) Adp-(,2)(a2), 

Here the second equaUty uses the cocommutativity. 
And, for all x e Hg, we have 

xAdp-ii){ai) = xliF~^^'>aiS{F~^^'>)S{l2) = liF~^^^aiS{F~'^^'>)S{l2)x = Adp-ii){ai)x, 

soweget Adp-(i){ai) e Ch{Hs). Similarly, Adp-(2){a2) G Ch{Hs). Then Ad^-(i) (ai 
Adp-(2){a2) e Ch{H,) ®t Ch{H,). 

Secondly, the coassociativity is straightforward, then we verify the counity. In 
fact, we have 

{ep ® id)Ap{a) = et{Adp-(i){ai)) ®t Adp-(2){a2) 

— et{Adp-w{ai)) <S>t Adp-{2){a2) -(2) (02) 

= et{F-^'^aies{F-^'^)) Adp-i2){a2) = £t(F-«liai5(l2)) 0* Adp-^2){a2) 

= et(F-Wai5(l2)) ®t Adp-^2)s(i,)(a2) = £t(F-«aili) 0* ^^^-(2)1^ (02) 

= £t(F-«ai5(li)) ^tAdp-^2){l2a2S{h)) 

= £t(F-«£t(a5(l2))i) «)* Ad^-(2)(li(a>5(l2))2) 

= (g)t Arf^-(2)(lil^a5(l2)) = £t(F-«5(li)) (g)t Arf^-(2)i,(a) 

= £t(F~(^hi) (8)4 Adp-(2)i^{a) = Ad£^(^-(i))j,-(2)(a) 

= Adi(a) = a 



and 



(g) sp)Ap(a) = (ai) (8)t et(Adp-(,2) (02)) 

= ^rff-(i)(ai) (g)t etiF-^'^a2SiF-^''^)) = ^c/^-(i)(ai) (8)^ £t(Fr^'^a2£.(F2-('))) 
= Adp-m{ai) ®t £t(F-(2)i,a25(l2)) = Adp-m{ai) 0* £t(F-(2)l2a25(li)) 
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= ^(iir-(i)5-i(i2)(«i) ®t et(F-(2)a2li) = Adp-w^^iai) (g)* et{F-^^^a2S{l2)) 

= AdF-wihaiSih)) (g)t£t(F-(^)a25(l3)) 

= AdF-m(h{aS(h))i) ®t £t(F-(2)£t(a5(l2))2) 

= AdF-a){hl[aS{h)) ®t et{F-^''h'^) = Ad^-w^ihl'^aSih)) 0* £^(^-(2)1;) 

= A(if-(i)(l2a) ®t et(F-'-^hi) = A(i^-(i)i^(a) ®t St(F-^^hi) 

= 74d^-(i)(a) = Ads-^st{F-(^)))F-wio) = «• 

Finally, we prove that and ep are morphisms in h-M-f- We compute 

i^F{Adh{a)) = AF{hiaS{h2)) = A(ij,-(i)(/iiai5'(/t4)) >lc/^-(2)(/i2a2^(/i3)) 

= Adp-ii),,^ (ai) Arf^-(2)^2 (^2) = ^(^F-(i)feiii (oi) <H)t ^c?F-(2)fe2i2 (^2) 

= AdF-(i)fi^F(i) f-a) (Ol) 0t ^<^F-(2)/i2F(2) /-(2) (02) 

= AdhiAdp-m (ai) ®t Ad^-(2) (02)) = A4(Ai.(a)) 

and 

eF(-4d/i(a)) = et{hiaS{h2)) = et(hiaes{h2)) = £t{hies{h2)a) = et{ha) 
= hiet{a)S{h2) = A4(£t(a)) = ^4(£i7(a)), 

as required. This complete the proof of the proposition. 

Theorem 3.3. Let H he a cocommutative weak Hopf algebra, F a weak in- 
vertible unit 2-cocycle. Then Ch{Hs) is a Hopf algebra in h-Mf, which antipode 
Sf : Ch{H,) — y Ch{Hs) is given by Spia) = S{a), for all a e Ch{Hs). 

Proof. In order to show that Ch{Hs) is a Hopf algebra in hM.f, we prove that 
/S.F and Sf are algebra maps in hM.f first. It is easy to get the following equality. 

= F-^^'^f['^ ® F-^'^Fi'^ ® Fr^'^Fi^) ® F2-(^)f(^), 

where F = / = X, and F'^^) = /"(i) = For all a,b e Ch{Hs), by the 

equality, we have 

Apia <^F b) = AF{AdFii){a)AdFi2){b)) 
= Arf^-a)(F«ai5(F«)Ff 6i5(Ff )) ®, Ac/^-(2)(F2«a25(F3«)Fi'^&25(Ff )) 
= >l(i^-(i)(Ad^a)(ai)Ad^^(2)(6i)) (8)* >l(ip-(2)(Ad^a)(a2)>l<i^w(&2)) 

= F-(') Ad (1) (ai) Ad (2) {bi)S{F^'^'^) Adp-^2) (Ad w {a2)Ad ^2) (62)) 

= F-^'^e,{F,^'^)Ad^a){ai)Ad^i.){b^)S{F-^'^) AdF-i2){Ad^w{a2)Ad^^2){b2)) 

= F-«Ad^(i)(ai)£,(F2-('Vd^(2)(6i)>5(F3-«) ®t Ad^-(2)(Ad^(i)(a2)Ad^(2)(&2)) 
^1 -^1 -^2 -^2 
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.-(1)^(1) (oi)v4(i^-(i)p{2) (61) Adp-(2) p,{i){a2)Adj^-(2) p(2){b2) 

— Adf(i)F-(,i){ai)Adf(2)x-WFC^)f-w(bi) ®t Adx(i)x-(^)FWF-('^){(^2)Adx(2)f-{2){b2) 

— Adp-(,i)(ai) -F A(i^-(i)^(2)^-(i)(6i) ®t Adx-V2)FWF-^'^){(^2) -f Adf-(,2)(b2) 
= {Adp-ii){ai) i^t AdF-(2){a2)){Adf-(i){bi) (g)* Arfy-(2) (62)) 

= AF{a)AF{b), 

and 

Af(1) = AdF-m{h) 0t AdF-(2)(l2) = Adp-wih) ®t Ad^-(2)i,(l) 
= A(iF-(i)(l2) AdF-i2)i^{l) = Ac/p-(2)i^(l) 

= AdF-m{l) ®t Ad^-(2)(1) = ®t et{F-^^^) 

= 1 ®, £t(F-«)£,(F-(2)) = 1 ®, 

= l(g)t£(F-«)£t(F-(2)) = l(g,,l. 

Thus, we obtain Ai? is an algebra map in h-Mf- Now, we sliow tiiat Ef is an 
algebra map as follows: 

EFia-pb) = SF{Adp{i){a)Adp(2){b)) = St{Adp(i){a)Adp(2){b)) 

= £t(Aci^(i)(a)Ff)te,(Ff )) =£i(Arf^a)(a)F(2)li65(l2)) 
= £t(Arfp(i)(a)F(2)6) = £(liA(i^(i,(a)F(2)6)l2 

= eiesiFi'^)aS{Fi'^)UF^^^b)h = eil[aSil'2)S{F^''^)hF^^^b)l2 

= e(a5(F(i))liF(2)6)l2 = £(a^(F«)li)£(l2F^'^&)l3 

= £(a5(F(i))5(li))£i(l2F(2)b) =e(aS'(F«))5i(F(2)6) 

= 5(a£,(F«))£i(F(2)6) = £(a5(l2))£t(li6) 

= v{l2a)et{lib) = e{ha)et{l2b) = et{aet{b)) 

= et{a)et{b) = eF{a)eF{b). 

So we obtain Ch{Hs) is a bialgebra in hM.f- Then, we want to verify the 
property of antipode. Obviously, Sp is well-defined, and SF{Adh{a)) — Adh{SF{a)) 
holds for all h G H. Next, we do the following calculations: 

■F{id®t Sf)^f{o) = Adp-(i){ai) -p S{Adp-(2){a2)) 

= Adpw p-(i) {ai)Adp(2) {S {Adp-(2) (02))) 

= AdpmF-a){ai)Adp,2,{S\F-^''^)Sia2)SiF-^''^)) 

= Adpiii)p-(i){ai)Adp(2)p-(2){S{a2)) ^ Adi^{ai)Adi^{S{a2)) 

= haies(l2)S(a2)S(h) = haiS(h)S(l2a2) = l2aiS(h)S(ha2) 

= (l2a)i£t(li)5((l2a)2) = £t(l2ali) = £t(l2a-S(li)) 

= £t(lia5'(l2)) = et{a) = £^(0) 
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and 

■f{Sf ® id)AF{a) = S{Adp-(i){ai)cFAdp-(2){a2) 
= Adp(i) {S{Adp-(i) {ai))Adp(2) {Adp-(2) (02)) 
= Adp(i)p^(i){S{ai))Adp(2)p-(2){a2) = liS'(ai)S'(l2)l3a2'S'(l4) 
= hS{ai)es{h)S\a2)Sih) = hS{a2)esil2)S^{ai)S{h) 
= St{S{a)) = e{US{a))l2 = e{S{a)h)l2 = et{a) = ep{a). 

This completes our proof. 

In this paper, we denote the Hopf algebra we obtained in Theorem 3.3 by 
Ch{Hs)f- 

Corollary 3.4. Let H he a cocommutative Hopf algebra, F a cocycle. Then 
Ch{Hs) = H, and Hp is an S'-Hopf algebra in the sense of [8]. The multiplication 
and comultiplication are given by 

h-F g ^ Adp(i){h)Adp{2){g) and AF{h) = Adp-(i){hi) (g) Adp-(2){h2), 

for all h,g & Hp, respectively. The unit, counit and antipode of Hp coincide with 
those of H. 

4. Isomorphism theorem 

Let {H, TZ) be a quasitriangular weak Hopf algebra, F a weak invertible unit 
2-cocycle, then by the result of [3] there is a new quasitriangular weak Hopf algebra 
{H,7l), defined by the same multiplication, unit and counit, and for all h E H, 

A{h) = F-'^A{h)F, n = F-^TIF, S{h) = vS{h)v-^, 

where v = and y-^ = S{F^'^y)F^^\ 

Applying Corollary 2.6 of the section 2, we obtain that Cfj{Hs) is a Hopf algebra 
in the category fjM. of the left if-modules, which module action is given by 

Ad~^{g) = h^gS{h~), for all heH, geCf^{H,), 
where A(/i) — hj<S> 

Lemma 4.1. The element = S{F^^^)F^'^^ obeys the following equality: 
A(v-') = [(S (8) S)(F^,^)](v-^ ® v-^)F-\ 
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Proof. We calculate as follows: 

= 5(£,(/(2))F-(2))5(F«)F(2)/-(i) ® 

= 5(F-(2))5(F«)F(2)/-W ® 5'(5'-1(£,(/(2)))f(-i))5(/«)^;-V-(2) 
This finishes our proof. 



Proposition 4.2. Let H be cocommutative and F a weak invertible unit 2- 
cocycle. Then the category fjM. can be identified with the category hM.f- 

Proof. Following [7], it is straightforward. 

According to Section 3, we obtain that Ch{Hs)f is a Hopf algebra in the cate- 
gory hM.f-1 then we have the following lemma. 

Lemma 4.3. There is an isomorphism a : Ch{Hs)f — > Cf^{Hs) of //-modules 
given by a{a) = Adp(i){a)F^'^\ for all o G Ch{F[s)f^ and Ch{Hs)f G hM-f-, 
Cg{Hs) e ^A^, where the structures of Ch{Hs)f and Cg{Hs) are defined as before. 

Proof. First of all, we easy to see that a{a) e Cfj{Hs). In fact, For all 
a e Ch{Hs)f, we have 

Adi{a{a)) = lia{a)S{l2) = l2a(a)^(li) = l2a{a)vS{li)v-^ 

= l2F-(^)aS'(F-(2V-^^;S'(li)^;-^ = F-^^^aS{F-^^^)v-^ = Q;(a). 
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Next, we compute another useful form of a as follows. 

a{a) = Fi'^aS{Fi'^)F^^^ = Fi'h,aS{h)S{Fi'^)F^^^ 
= F^^) /(I) /-«a5(/(2) ^ ^(1) /-(i)a5(/-(2))^(i7^a) j(2))^(2) 

= F« /-(i)a5(r(2))5(Ff = F« /-«a5(/-(2))5(/«)£,(F(2))/(2) 

= l2/-«a5(li/-(2))5(/(i))/(2) =F-(l)a^(F-(2))^;-l. 

This form of a imply that a is invertible with a~^{a) — F^^^avS{F^^^). Obviously, 
a~^{a) e Ch{Hs)f, and wc have 

aoa-\a) = a(F«at;5(F(2))) = F-«F(i)a^;5(F(2))5(F-(2))^;-i 
= l2avS{li)v-^ = l2aF-W5(F-(2))5(li)^;-^ 
= Iia5'~^(l2) = a, 

and q;~^ o a{a) = a is straightforward. The rest proof of the lemma is the same as 
one in the Hopf case. This finishes the proof. 

Lemma 4.4. The map a : Ch{Hs)f — > ^Hi^s) in Lemma 4.3 is an algebra 
map. 

Proof. For all o, 6 e Ch{Hs)f: we calculate 

a{a-Fb) = Adpw{a)Fi^Udjii){b)S{Fi^^)FPf^^^ 

= Adpw (a)F(2) l,Adf,r, {b)S{h)f^'^ 
= Adpa){a)F^^^Adfw{b)f^^^ 
— a{a)a{b), 

as required. 

Lemma 4.5. Let H be cocommutative and F a weak invertible unit 2-cocycle. 
Then the map a : Cn{F[s)F — > Cfj{Hs) in Lemma 4.3 is a coalgebra map. 

Proof. For all a e Ch{Hs)f, firstly, we compute the expression of /S.{a{a)). 

A(Q(a)) = Fr^"'^ii5(F2-('))(L.-i)i ® F2-(^)a25(Fr('^)(t'-^)2 
= F:^'^a,S{F,^''^)S{r^'^)v-'X-^^^ ® F-^''>a2S{F-^'^)S{f-^'^)v-'X-^'^ 
= [F-^'^h-^'^a,S{f-^'y) ® F,^'^f,^'^a2S{F-^'^f,^'y)]{v-' v-')F-\ 

Then, we have 

A{a{a)) = F-«a(a)iF« F-^'''^a{a)2F^''\ 
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Next, applying Corollary 2.6 to {H,TZ), we obtain the form of the comultiplica- 
tion oi Cg{Hs), then 

A{a{a)) = F-«a(a)iF«i?(2)^(?<2))0,^i)F-(2)a(a)2F(2)^W 

a(a)2F(2)/-(2)/(i) 
= F-«a(a)ili/(2)t;5(F(2))5(/-W)t;-i ®, /" (2)F(i)i7^-(2)c,(a)2l2/W 

®</-(2)F«F-(2)x-«F;-«ai5(F'-(2))^;-i/'(i)/(i) 

= F-^^^X-^^'^Ad^,-W (a2)5(X-(2))^;-llii;5(F(2))5(/-(l))i;-l 

^2 

For convenience, we verify the following equations. For all y E Hg, z & Ht, 
v-^yv = v-^yF-^^^S{F-^^^) = v-^F-^^^SiF-%) = v-^F-^^^S{y)S{F-^''^) 

= 5(fW)F(2)^ = S'(zF(i))F(2) = 5(F(i))5(^)F(2) = 

i.e., v^^yv = S'^{y) and v"''-^; = S'^{z)v~'^. 
We now proceed to compute A (a (a)): 

®t/-(2)F«F-(2)xr^'^Fr(^)aiS'(F'-(2))5(li)t;-i 
= F-«X-(')Arf^,-a)(ai)5(F(2)l2X-(2))5(r«)^;-i 

^^/-(2)^(l)^-(2)^-(l)^^'-(l)^^^(l^^/-(2))^-l 

= X-(^)^(i^,-a)(ai)5(X2-('V(^"^'^)^(^^'^l2)5(/-('V-' 

^^^-(2)^(l)^-(l);^-(2)^/-(l)^^^(^^^,-(2))^-l 

= X-«^c/^,_a)(al)5(X^('^)5(F-(2))5(F(2))^(/-«)^;-l 

^j-(2)i2^(i)^-(i)X-(2)F2'-('^a25(liF'-(2))^;-i 

= F-Wylrf^,-(.)(ai)5(Fr('V(l2)5(/-^'^)t-' 

®tr^'%UF,^'^F'i^'\,S{l\F'-^'^)v-^ 
= F-(^)Ad^,-(i)(ai)5(/-(^)(l2F-(2))i)^-i ®, /-(2)(l2F-(2))2 
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F!,-^'^a2S{hF'-^'y)v-' 
F^-^'^a2S{UF'-^'^)v-' 

a25(liF'-(2))i;-^ 

a2S{hF'-^^^)v-' 
= r'^'^Adp,-a, {a,)S{f-^'^)v-' UF-^'^F'-^^^a^ 

= (a (g) Q!)AF(a). 

Furthermore, we have 

loa{a) = £t(Q;(a)) = £t(F-«a5(F-(2))y-i) 
= £t(F-«a5(F-(2)),S(F«)F(2)) 

= £,(F-«Ac/^a)(a)£,(F-(2))F(2)) 

= £t(iarf^(i)(a)>5(l2)F(2)) =£t(Ad^(i)(a)F(2)) 

= £t(Arfpa)(a)£t(F(2))) =£t(M,(a)l2) 

= £t(lia£5(l2)) = et{a) = £^(0). 

This completes the proof. 

Lemma 4.6. Let H be cocommutative and F a weak invcrtiblc unit 2-cocycle. 

Then the antipode Sp on Ch{Hs)f and the antipode S on Cg{Hs) satisfy the 
following condition: 

S o a = a o Sp- 
Proof. In order to verification, we calculate as follows: 

o S o a{a) 
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= FW/-a)/(2)x-«5(X-(2))5(X(2))Ad^(„^_(.,^a)(5(a))5(F(2)) 

= F«/-«5(/3-(2))/-P)^(^)^(/-(2))^(^(2)) 

= FW/-(i)^,(/-(2))5(a)5(/-(2))5(F(2)) 
= F«/-«l,5(a)5(l2)5(/-(2))5(F(2)) 
= hS{a)S{h) = S{a) = Spia). 

Thus we have S o a — a o Sp- This finishes the proof. 

The following isomorphism theorem is the main result of this paper. 

Theorem 4.7. Let H be cocommutative and F a weak invertible unit 2-cocycle. 

Assume that Ch{Hs)f be the Hopf algebra with the structure as shown in Theorem 
3.3 viewed as an object in the category jjM. of i?-modules. In this category, there 
is an isomorphism of Hopf algebras 

a:CH{Hs)F^Cg{Hs). 
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